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Abstract 
 
We examined Saito's equation for diffusion-controlled current at a microdisk electrode. We 
measured steady-state currents of a ferrocenyl derivative at glass-coated Pt electrodes with 
various sizes, of which radii were evaluated with a scanning electron microscope. The 
relation between the currents and the radii less than 2 m deviated downward from the 
proportionality, whereas the proportionality was maintained accurately for the radii more 
than 5 m. Radii of invisible electrodes which have been so far evaluated from the 
steady-state currents should be smaller than the geometrical values. The lower deviation of 
the proportionality was explained in terms of memory diffusion of the Fick's first law under 
the steady state. 
 
1. Introduction 
 
     An ultramicroelectrode exhibits 
high current density because diffusion flux 
of electroactive species converges to a 
small area of an electrode
1,2)
. The way of 
the convergence depends on electrode 
geometries, exhibiting inherent current 
distributions. Cylindrical electrodes and 
hemispherical electrodes show uniform 
current distributions, whereas disk, band 
――――――――――――――――― 
* To whom correspondence should be 
addressed.  E-mail kaoki@u-fukui.ac.jp 
 
and array electrodes show complicated 
distributions
3-5)
. The simplest current 
distribution is revealed at a disk electrode 
in radius, a, expressed by (a
2
 - r
2
)
-1/2
 at a 
concentric circle in radius r on the 
electrode under the steady state
6,7)
. This 
expression for the current density suggests 
the infinite current density at the edge (r = 
a). Diffusion-controlled current density at 
a position x from an edge of any electrode 
has generally the dependence of x
-
 for 0 < 
 < 1 8). Although it is infinite at x = 0, the 
total current obtained by the integration of 
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x
-
 from x =0 to any distance becomes 
finite. The infinite is so unrealistic that it 
should be suppressed to a finite value by 
other processes. Although slow electrode 
kinetics is one of possibilities of the 
suppression of the infinite, the reaction 
rate constants of ferrocenyl derivatives are 
too fast to be determined even at 
nanometer electrodes
9)
.  Furthermore, 
limiting currents have no effect on 
electrode kinetics. There should be 
another rate-determining step, irrelevant to 
heterogeneous current density 
distributions.  
     A process providing the finite 
current density should decrease the 
limiting diffusion-controlled current, IL, 
from Saito's equation
10)
, IL = 4Fc*Da, at a 
one-electron transfer reaction, where c* 
and D are the bulk concentration and the 
diffusion coefficient of the electroactive 
species, respectively. As a result the 
following inequality is predicted to hold: 
IL < 4Fc*Da,                  (1) 
A degree of the inequality may be more 
remarkable with a decrease in electrode 
size. Systematic dependence of the 
currents on radii has not been reported yet, 
to our knowledge, probably because of 
difficulty in fabrication of a number of 
microelectrodes with known radii. This 
report is devoted to finding transition from 
the equality to the inequality with a 
decrease in radii. We will suggest memory 
diffusion as a possible other 
rate-determining step of the current at the 
hemi-spherical model. As a theoretical 
support of the memory diffusion under the 
steady-state currents, we will describe a 
microscopic view of memory diffusion by 
use of the Langevin equation for one 
diffusing particle with strong correlation 
or a high flux. The delay of diffusion will 
be demonstrated to be close to the 
macroscopic delay derived from the 
phenomenological diffusion with memory.   
 
2. Experimental 
 
     Fabrication of disk electrodes was 
(i) electrochemical etching of Pt wire, (ii) 
shielding the wire with a glass tube, and 
(iii) polishing it under ac-current 
monitoring
8)
. Thirty electrodes with 
different radii were fabricated. The 
exposed Pt surface was observed with an 
optical microscope VH-Z450 (Keyence, 
Osaka) and a scanning electron 
microscope (SEM) S-2600H (Hitachi). An 
electric contact was made between the 
lead of the electrode and the SEM stage.  
     The electroactive species, 
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ferrocenyl tetramethylammmonium hexa- 
fluorophosphate (FcTMA) was 
synthesized in house. The solution used 
was 0.5 M (M = mol dm
-3
) KCl aqueous 
solution including known concentrations 
(1.5 - 4 mM) of FcTMA. It was not easy 
to prepare accurate concentrations of 
FcTMA because FcTMA contained salt, 
mainly ammonium iodide, which was 
generated when iodide in ferrocenyl 
tetramethylammmonium iodide was 
substituted for hexafluorophosphate. 
    Values of the concentration and the 
diffusion coefficient were determined by 
voltammetric peak currents 
simultaneously measured at two platinum 
disk electrodes 0.8 mm and 0.05 mm in 
radii
11)
 by the following technique. 
Voltammetric peak current for 
one-electron transfer reactions at a disk 
electrode in radius a1 is expressed by 
Ip = 0.446(a1
2
)Fc*(FDv/RT)
1/2
     (2) 
where v is a potential scan rate. In contrast, 
the steady-state limiting current at the 
disk-micro electrode is represented by IL = 
4Fc*Da. Eliminating D from the two 
equations yields 
 
         (3) 
or  
at 25
o
C, where the unit of the currents is 
A, that of a and a1 is mm, that of v is V 
s
-1
, and the that of concentration is M. 
Values of Ipv
-1/2
 can be obtained from a 
slope of the proportional relation between 
Ip and v
1/2
at a large disk electrode. Values 
of IL are obtained, and those of a and a1 
are known. Therefore, Eq. (4) can 
determine concentration without knowing 
D-values in principle. Large errors in c* 
may be caused by a because not only of 
detection of ambiguous boundaries of the 
microdisk electrodes but also of 
deformation of geometry from a perfect 
disk. Errors in a increased with a decrease 
in the diameters. From measurements of 
diameters of various sized electrodes by 
the optical microscope, we found that 
errors less than 3 % were confirmed for 
most electrodes with ca. a = 0.05 mm. 
Unfortunately, the electrode of this size 
deviates from the steady-state 
voltammograms even at v = 0.01 V s
-1
. 
According to the theory of the 
voltammetric peak current
12)
, 
                              (5) 
This equation provides the steady-state 
current within 3 % errors when p < 0.21, 
which is satisfied for v < 0.45 mV s
-1
 at a 
RTDvFapp
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= 0.05 mm. However, this scan rate is not 
practical. Since practical values of 10 < v 
< 50 mV s
-1
 correspond to p < 7, we 
expand Eq. (5) by the Taylor expansion 
around p = 0 to yield the quasi-steady 
state current: 
   (6) 
                                   
The conflict between the accurate 
evaluation of a and measurements of IL 
can be circumvented by extrapolating 
plots of IL' vs. v
1/2
 to v = 0. 
     When this technique was applied to 
voltammetry of 0.110 mM ferrocene in 0.5 
M tetrabutylammonium perchlorate 
including acetonitrile at the two electrodes 
(a = 0.8 mm and 0.05 mm), the values of 
Ip were was proportional to v
1/2
 for v < 0.1 
V s
-1
 with a correlation coefficient, 0.9998, 
and those of IL' had a linear relation to v
1/2
 
for v < 0.02 V s
-1
 with a correlation 
coefficient, 0.998. The concentration 
evaluated from Eq. (4) was 0.113 mM. 
Since ferrocene was purified by 
sublimation, the prepared concentration 
agreed with the determined one. In 
contrast, the determined concentration of 
FcTMA was smaller than the prepared one 
by 8.9 %. 
    The potentiostat, Model 1112 (HUSO, 
Kawasaki), was controlled with a 
home-made soft-ware. 
 
3. Results and discussion 
 
3.1 Confirmation of voltammograms 
 
     We obtained sigmoidal, anodic 
voltammogarms of FcTMA, as shown in 
Fig. 1. The reverse wave was overlapped 
with the forward one. 
     Some electrodes showing no plateau 
of the limiting current were discarded. 
Sixteen electrodes showed reproducible 
voltammograms not only at continuous 
scans but also at a number of intermittent 
uses. Voltammetric features are the 
limiting current, the halfwave potentials 
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Fig. 1. Examples of voltammograms of 
4.0 mM FcTMA in 0.5 M KCl aqueous 
solution at v = 10 mV s
-1
. Radii 
calculated from the limiting currents 
through Saito's equation are (solid) 1.16 
m and (dashed) 0.63 m. 
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for the positive scan E1/2+ and the negative 
scan E1/2-, and the slope of the log plot, i.e., 
log[I/(IL - I)] vs. E. The midpoint of the 
halfwave potentials, (E1/2+ + E1/2-)/2, 
ranged from 0.40 to 0.41 V vs. Ag|AgCl 
(3 M NaCl). These values for v = 10 mV 
s
-1
 were independent of electrode size, as 
is consistent with the previous report
8)
. 
Hysteresis given by E1/2+ - E1/2- > 10 mV 
appeared for v > 10 mV s
-1
 and v > 50 mV 
s
-1
 at electrodes 25 m and 10 m in radii, 
respectively. The limiting current was 
almost independent of a degree of the 
hysteresis. The log plot fell on a straight 
line, the inverse slope of which ranged 
from 60 to 70 mV. Consequently, 
electrode kinetics has no effect on 
voltammograms under the present 
conditions. 
 
3.2 Scanning electron microscope 
 
     After the voltammetry, the electrode 
which was rinsed with water and dried 
was mounted on the optical microscope in 
order to search a location of Pt on the 
glass surface.  The Pt looked a white dot, 
depending on directions of incident light. 
This direction-depending reflection light 
was an identification of the Pt surface. In 
order to mount the glass-coated Pt 
electrode in a sample holder of the SEM, 
we cut off the tip of the electrode by 5 mm 
in length. The cut tip was mounted on 
carbon tape for SEM so that Pt was 
earthed and that the electrode surfaces 
were always horizontal.  
    There were two types of SEM images 
of the electrodes, as shown in Fig. 2(A) 
(B) 
(A) white 
black 
gray 
Fig. 2 SEM photographs of the 
surfaces (A) of glass-coated Pt wire 
and (B) Pt-removed glass. 
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and 2(B). Photograph (A) has a black 
domain surrounded with the glass (white), 
at the center of which a gray spot can be 
seen. Comparing the geometry and the 
size of the gray spot with the image by the 
optical microscope, we concluded that the 
gray spot was the exposed platinum. 
Photograph (B) shows a uniformly black 
domain surrounded with the glass. Since 
the optical microscope image of this 
electrode had no reflection spot of the 
platinum surface, the Pt wire must be 
slipped off from the glass tube when the 
glass tip was cut. The black domain 
should be a vacant hole. The hole size is 
not always electrode size because of 
malleability of platinum on the glass 
surface. Therefore, we fabricated such 
short glass-coated electrodes that they 
could be mounted on a holder of the SEM 
without cut. 
     Although the polished surface is 
composed of only two phases of glass and 
platinum, Fig. 2(A) showed the three 
white, black and gray phases. The glass 
surface injected by the electron beam is 
charged up negatively because of an 
electric insulator without any ground. 
Then it scatters both the injected electrons 
and the secondary electrons so strongly 
that large amount of electrons are 
collected with a detector, as illustrated in 
Fig. 3. Consequently the glass surface 
should be observed white in SEM images. 
In contrast, electrons scattered on the glass 
surface close to the platinum wire are 
absorbed to the Pt wire through the ground. 
Therefore few electrons are collected with 
the detector so that the SEM image at this 
point turns black. The area of the black 
domain varied with magnification, 
accelerating voltages and time after 
changing magnification. Some electrons 
injected to the Pt surface are reflected to 
enter the detector, and some flow into the 
ground. Thus the image of the Pt show 
neither white nor black, i.e., gray. This 
concept is similar to the trajectory 
contrast
13)
. The black domain was always 
much larger than the exposed Pt area. We 
applied the appearance of the black ring 
 
detector 
glass 
 e  e 
 e Pt 
x 
 
x
q
d
d
Fig. 3. Illustration of directions of 
scattering, secondary and reflecting 
electrons at SEM. 
 
q(x) 
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phase to searching for a real electrode 
surface, excluding some other black ghost 
spots. Ghosts are probably ascribed to 
polishing particles or holes by air bubbles. 
Thirty coordinate points of the 
circumference of the gray spot were read 
to determine the average radius, aSEM, by 
the least square method
11)
. 
    The size of the black domain, in 
which scattering of electrons is suppressed, 
can be estimated semi-qualitatively by the 
following calculation. Let the x-axis be set 
on the glass surface, as shown in Fig. 3. 
The density of electrons near the surface 
of the glass, q(x), is supplied from the 
electron gun so that the density of 
electrons injected on the glass is a given 
value, . The injected electrons flow out 
toward the Pt electrode by the electrostatic 
force in proportion to q(d/dx), where  is 
the potential in the glass. The electrons are 
reflected out from the surface in 
proportion to q by the electrostatic 
repulsion between of the injected electron 
and q. Then the balance of the amount of 
electrons is expressed by 
 (7) 
where k1 and k2 are proportional constants, 
and q is taken to be a positive value 
without including the negative sign of 
electron charge. The relation between q 
and  is expressed by the Poisson equation 
in the medium with the relative dielectric 
constant r 
    (8) 
 
The integral of Eq. (8) under the condition 
of (d/dx)x=0 = E0 for a given electric field, 
E0, is given by 
     (9) 
         
Eliminating d/dx from Eq. (7) by use of 
Eq. (9) yields 
                             (10) 
Applying the following substitutions 
 
  (11) 
 
to Eq.(10) yields 
 
            (12) 
                                                       
     This non-linear integral equation 
was digitized by use of x = n(x) and p(xn) 
= pn at n  1 to be reduced to a 
numerically calculated form: 
                                       
   (13) 
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where p0 is given by a term with a 
negative sign of two solutions for (x)p0
2
 
-bp0 + 1 = 0. Once values of b and x are 
given, a value of p0 can be obtained. The 
value of p0 yields p1 from Eq. (13). The 
iterative process provides pn values at any 
n. We evaluated pn for various values of b 
and x. Figure 4 shows the variations of 
the dimensionless density of electrons 
near the glass surface for three values of b. 
The dimensionless charge rises up sharply 
with an increase in x for any value of b. 
However, q should take a maximum 
because the terms on the left-hand side in 
Eq.(7) is necessarily positive. A maximum 
may be qmax = /(1+k2) at d/dx = 0. The 
maximum (bold) line for pmax = 4 is drawn 
in Fig. 4 as an example. The variation of q 
to be realized should be the combination 
of the rising curve for small x and the 
maximum for large x, that is, the sharp rise 
for x < 0.45 and the constant for x > 0.45 
in Fig. 4. An amount of scattered electrons 
is small in a domain with small values of q. 
Consequently, this domain exhibits black 
in a SEM image. In contrast, the domain 
with qmax has such a large amount of 
scattered electrons that it looks white in a 
SEM image. Consequently, the black 
domain comes in contact with the white 
domain at a clear boundary.  
 
3.3 Limiting currents vs. radii 
 
     Values of the concentration and the 
diffusion coefficient
11)
 (D = 6.5×10
-6
 cm
2
 
s
-1
) of FcTMA allowed us to determine the 
electrode radius, aCV through Saito's 
equation by replacing a by aCV. Figure 5 
shows the logarithmic plot of the values of 
aCV against aSEM. The relation, aCV = aSEM, 
was valid for radii more than 5 m 
(log(aSEM/ m) = 0.67). In contrast, 
electrodes with radii less than 2 m 
(log(aSEM/ m) = 0.3) had the relation aCV 
< aSEM or IL < 4Fc*DaSEM. The ratio 
aCV/aSEM decreased with a decrease in the 
radii or an increase in the current density. 
These variations are consistent with the 
0 0.5
0
5
(k
1
 /
 
 o
 r
)1
/2
q
x
b = 0.7 1.0 1.3
black white
Fig. 4. Variations of the density of 
electrons accumulated near the glass 
surface, calculated from Eq. (13) for three 
values of b. The value of qmax was taken 
to be 4. 
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prediction described in Introduction. The 
ratio for the present smallest electrode was 
1/3. 
     If the inequality in Eq. (1) is 
generally caused by the high diffusion flux 
of any electrochemical technique, it 
should have also been found in fast scan 
voltammetry at a large electrode and fast 
hydrodynamic voltammetry. The radius 
aSEM = 2 m at which the inequality was 
recognized corresponds to the current 
density, 10 mA cm
-2
. By making equal of 
the steady-state current density at the 
microelectrode with fast scan current 
density, we have obtained v = 
8.15RTD/FaSEM
2
 
9)
. Inserting the value of 
D and aSEM = 2 m yields v = 34 V s
-1
. It 
is not easy to obtain accurate 
voltammograms at such fast scans because 
of capacitive component and delay of 
potentiostats. This current density 
corresponds to that at rotating disk 
electrodes for the rotation speed,  = 
4.22D
2/31/3/aSEM
2
 = 7.610
3
 s
-1
 or 7200 
rpm. It is difficult to obtain reliable 
voltammograms at this rotation rate 
without mixing air bubbles in solution. 
     Since a real electrode is always 
deformed from a perfect disk form during 
polishing the surface, it is questionable to 
apply Saito's equation which is assumed to 
be a perfect disk. However, the 
steady-state current can be approximated 
in terms of the electrode surface area S 
even if a disk is deformed
14)
. It is 
represented within 10% errors by the 
average radii, (aSEM)av, so that S = 
(aSEM)av 
2 14)
.  
(14) 
 
Therefore, the deformation is not related 
with the variation in Fig. 5. 
    The observed data in Fig. 5 supports 
the prediction of Eq. (1). Since values of 
0 1
0
1
log (aSEM / m)
lo
g
 (
a
C
V
 /
 
m
)
Fig. 5. Dependence of radii evaluated 
from the steady-state current of FcTMA 
on those obtained by SEM. The currents 
were independent on scan rates ranging 5 
to 30 mV s
-1
. The line is for aCV = aSEM. 
Errors for aSEM were designated as bars. 
Dotted curve is for aCV = aSEM - (Dt)
1/2
 
for (Dt)
1/2
 = 0.5 m. 
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c* and aSEM have been given accurately, 
the diffusion coefficient behaves as if the 
value might be a decreasing function of 
the current density for j > 10 mA cm
-2
, 
which corresponds to the rate more than 
ca. 0.1 cm s
-1
 by dividing the current 
density by Fc*. According to the 
Stokes-Einstein equation, D = kBT/6r0, 
(: viscosity of solution, r0, hydrodynamic 
radius of diffusing substance), however, 
the diffusion coefficient is independent of 
intensity of flux. Therefore it is necessary 
to discuss the diffusion coefficient in 
detail, throwing back to the definition. 
Diffusion coefficients are defined by a 
proportional constant between 
concentration gradient and flux. The 
proportionality has been rigorously 
demonstrated to be valid for small 
perturbation by Kubo's linear response 
theory
15)
. The apparent decrease in the 
diffusion coefficients in Fig. 5 was 
observed only at high current densities. It 
is predicted that the proportionality of the 
gradient to flux is invalid at such large 
flux that the linear response theory cannot 
cover.  
 
3.4 Delay of diffusion in Langevin 
equation 
 
    This section is devoted to 
demonstration of the presence of a delay 
of diffusion from a microscopic view by 
use of the Langevin equation. The 
Langevin equation is actually the same as 
Newton's second law, in which the 
external force is random with respect to 
time. The result will be compared with the 
macroscopic delay, which is derived from 
empirical memory diffusion equation in 
the next section. 
    Langevin equation for a particle with 
mass m in a viscous medium with the 
friction coefficient, , is given by16) 
 
          (15) 
where u is the velocity of the mass at time 
t, caused by the random force R(t). The 
random force has the following properties: 
    (16) 
 
    (17) 
where <X> means the average value of X 
for the random force over a long time, and 
D is the Dirac delta function. Eq. (16) 
indicates zero value averaged by 
randomness. Eq. (17) means that the 
intensity is given by a constant, 2 only at 
t = t'. By rewriting Eq. (15) as  
           (18) 
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and integrating it from 0 to t, we have 
   
(19) 
where u0 is the velocity in equilibrium at t 
= 0. This equation indicates that the 
random force moves the particle against 
the frictional force in the form of the 
exponential decay. 
    Next we obtain an expression for  
through the equality of <u
2
> with u0
2
, 
which can be represented by kBT/m in a 
one-dimensional thermal bath. From Eq. 
(19), the average of u
2
 is given by 
               
        (20) 
where 
                                 
    (21) 
                       
 
                             (22) 
The average of the integral in Eq. (21) is 
zero because of Eq. (16). The 
double-integral in Eq. (22) consists of the 
product of two decaying velocities as if it 
were a correlation function of two 
different particles. According to the 
definition of R(t) in Eq. (17), R(z)R(u) has 
non-zero only at z = u. However, two 
particles cannot stay at (t, x) in order to 
prevent from overlap of the two. For 
example, the average distance between the 
two is 12 nm at 1 mM, which corresponds 
to 38 water molecules. We estimated the 
time of the correlation by the Monte Carlo 
simulation
17)
 in the lattice model, as 
shown in Fig. 6. A particle in cell (A) 
proceeded random steps, left, right, 
upward or downward until it invaded cell 
(B). For example, the number of steps 
until appearance of the correlation was 
1600 for the lattice size was 2020. The 
correlation time increased with an increase 
in the number of the lattice size or a 
decrease in the concentration. We define 
the time of initiation of the correlation as 
s. Then the average of the random force is 
rewritten as 
      (23) 
for z < t - s or u < t -  s. Inserting Eq.(23) 
into Eq. (22) makes the upper limits of the 
integrals be t -  s, and replaces R(z)R(u) 
by 2D at z = u. Then we have 
                              (24) 
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           (25) 
 
Since it is equal to kBT/m, we obtain 
              (26) 
 
    We shall evaluate the average of x(t)
2
. 
The integral of Eq. (19) for u(t) from 0 to t 
is given by  
 
                             (27) 
Change of the order of the integration 
yields 
 
                              (28) 
Eq. (27) by use of Eq. (28) is reduced to  
                              (29) 
The average of x
2
 is expressed by 
 
       
                              (30) 
where 
 
                              (31) 
 
 
 (32) 
Here we have replaced t in the upper 
integral limit by t - s for the condition of 
Eq. (23). Application of Eq. (16) to B3 
yields B3 = 0. Substituting D for R1R2 and 
carrying out the integration successively, 


2
2
2 e
)(
m
Γ
tu
s

sTkmΓ  2B e
Interface 
(A) 
(B) 
reflection wall 
reflection wall 
Fig. 6. Diffusion domains composed of 
two lattice cells, A and B, between 
which the cell interface is present. Each 
cell has a diffusing particle, which 
moves randomly in the lattice step by 
step. 
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we obtain 
 
 
 (33) 
 
The average of x
2
 for a long time is 
expressed by 
                              (34) 
Eliminating  and u0 by use of Eq. (26) 
and u0
2
 = kBT/m from Eq. (34), we have 
                              (35) 
     The diffusion coefficient in the 
one-dimensional space is defined by  
D = <x
2
>/2t.
16)
 Letting the diffusion 
coefficient without a delay (s = 0) be D0 
( = kBT/m), we rewrite Eq. (35) for small 
values of s, 
            (36) 
This equation implies that values of the 
diffusion coefficient are observed to be 
small at a short time. Values of D in Eq. 
(36) decrease with a decrease in the time. 
Diffusion-controlled current density at a 
short time at a large electrode corresponds 
generally to that at microelectrodes. 
Therefore the decrease in D in Eq. (36) at 
a short time is predicted to be replaced by 
a decrease in D with a decrease in radii of 
electrodes. However, it is quite difficult to 
extend this one-dimensional microscopic 
model to a three-dimensional model 
composed of multiple particles. A serious 
difficulty lies in replacement of u(t) in the 
Langevin equation by a probability of 
realizing u by imposing boundary 
conditions. 
 
3.5 Memory diffusion 
 
     In order to circumvent the above 
problem, we introduce a concept of 
memory diffusion
18)
, in which diffusion 
flux delays from formation of 
concentration gradient. This behavior is 
known as the second sound or the memory 
effect in the field of heat transport
19-21)
. 
The diffusion equation with memory is a 
phenomenological and macroscopic 
expression, composed of flux and 
concentration. Therefore, it is possible not 
only to impose boundary conditions on the 
macroscopic equation but also to extend 
one-dimensional diffusion space to two- 
or three-dimension. If currents derived 
from the diffusion equation with memory 
take a form similar to Eq. (36), the 
decrease in D of Eq. (36) can be replaced 
approximately by diffusion with memory. 
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     When concentration c of a 
substance at location x and time t is 
non-uniform, it disperses to yield flux J so 
that the concentration may get uniform. 
Since the flux is an effect on a cause of the 
concentration gradient, it should delay 
from the formation of the gradient by . 
Then the Fick's first law in the 
one-dimension is expressed by 
         (37) 
Under the condition of   0, we carry out 
the Taylor expansion of J, and take only 
the first and the second term. Then we 
have 
    (38) 
We combine it with the equation of the 
one-dimensional equation of continuum: 
              (39) 
Terms including J are eliminated from Eq. 
(39) by use of the partial derivative of Eq. 
(37) with respect to x and the partial 
derivative of Eq. (39) with respect to t, we 
obtain the equation with memory diffusion, 
which corresponds to the Fick's second 
law at  = 0: 
          (40) 
 
     We solve Eq. (40) under the 
condition that the substance is initially 
aggregated at x = 0. The substance 
diffuses both to x- and -x-direction for t > 
0. The mathematical representation of this 
initial condition is D(x) at t = 0. Carrying 
out the Laplace transformation of Eq. (40) 
with respect to t, we transform Eq. (40) 
into 
 
(41) 
where the upper bar means the Laplace 
transform of c. We introduce a pair of the 
Fourier transformation: 
        (42) 
 
        (43)  
Applying the Fourier transformation to Eq. 
(41) yields 
  (44) 
Extraction of g becomes 
               
           (45) 
     In order to obtain an expression for 
D in terms of memory diffusion, we derive 
an expression for <x
2
>. The concentration 
is regarded as a probability of existence of 
the substance. Thus the average of x
2
 can 
be defined as 
        (46) 
 
Inserting Eq. (45) into Eq. (42) and set p 
to be zero, we obtain 
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(47) 
The inverse Laplace transformation of Eq. 
(47) is unity. Using the formula of the 
Fourier transformation of a derivative 
doubly yields 
      
   (48) 
We insert Eq. (45) into Eq. (48) and put p 
to be zero. Then we obtain 
                              (49) 
The inverse Laplace transform of Eq. (49) 
is given by 
   (50) 
 
The diffusion coefficient in Eq. (50) is 
equivalent to D0 because D in Eq. (37) is 
the same as the diffusion coefficient at  = 
0. Inserting Eq. (50) and inversely 
transformed Eq. (47) into Eq. (46), we 
obtain 
     (51) 
 
By use of the definition, D = <x
2
>/2t, Eq. 
(51) for a long time is rewritten as 
              (52) 
 
This has the same time-dependence as in 
Eq. (36) if  is replaced by (5/2)s. 
 
3.6 Model of the inequality 
 
   When the thickness of the diffusion 
layer is defined by (2D0t)
1/2
, the 
approximation 
            (53) 
 
in Eq. (51) implies that the net time of 
forming the diffusion layer is t- rather 
than t, where the radial distance, r, from 
the center of the microelectrode was 
substituted for x. We apply Eq. (53) to 
chronoamperometric diffusion-controlled 
current at a hemispherical electrode in 
radius a. A reason for using the 
hemispherical model is to simplify the 
expression for the chronoamperometric 
curve. The curve varies from Cottrell 
response to the steady state current, being 
proportional to (Dt)
-1/2
 + a
-1
. Then, the 
thickness of the diffusion layer is given by 
 
             (54) 
    Figure 7 shows 
dimensionless variations of (df/a)
2
 with 
(Dt)
1/2
/a. With a lapse of time, df varies 
from the proportionality to t
1/2
 toward the 
  tDr 0
2 2
Dta
Dta
π
π
df


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constant a. When we replace t by t- as in 
Eq. (53),  
the variation of (df/a)
2
 becomes the 
dashed curve in Fig. 7. The diffusion layer 
is smaller by the length of the left arrow 
than the variation of Eq. (54). Here we 
used a very large value  = 0.1 s in order 
to explain only the concept by means of 
the graph. If we replace a by a+(D)1/2, 
we obtain the dashed-dotted curve, which 
is lower by the length of the right arrow in 
Fig. 7. The right arrow has the same 
length as the left one does. Consequently, 
the replacement of t  t- for the transient 
current is equivalent to that of a  
a+(D)1/2 for the steady-state current. A 
loss of the development of the diffusion 
layer by  is equivalent to a delay of the 
flux by , i.e., J(t+,) as in Eq. (37). When 
a similar concept is applied to the 
steady-state current, the steady-state flux, 
J(r) should be replaced by J(r-(D)1/2).  
    In order to avoid mathematical 
complication in expressions for the 
steady-state current with memory 
diffusion, we use also spherical diffusion 
with concentration variations only in the 
radial direction at the hemisphere 
electrode. Then the diffusion equation 
with memory is given by 
    (55) 
 
Carrying out the Taylor expansion of 
J(r-(D)1/2) around (D)1/2 = 0 in Eq. 
(55) yields 
 
 (56) 
On the other hand, the equation of 
continuum in the spherical coordinates,  
         (57) 
 
is zero under the steady state. This leads to 
r
2
J (r) = A (A: constant). Inserting this 
condition into Eq. (56) yields 
 
  (58) 
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Fig. 7. Dependence of the square of the 
dimensionless thickness of the diffusion 
layer on (Dt)
1/2
/a, (solid curve) 
calculated from Eq. (54) for D = 10
-5
 
cm
2
s
-1
 and a = 0.03 mm, (dashed one) 
from the replacement of t  t- at  = 
0.1 s, and (dashed-dotted one) from the 
replacement of a  a+(D)1/2. 
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When we integrate Eq. (58) and apply the 
boundary conditions of (c)r=a = 0 and 
(c)r = c* to the resulting equation, we 
have  
    (59) 
 
As a result, we obtain expressions for the 
concentration profile 
 
(60) 
 
by use of a
2
J(a) = A with Eq. (59), we 
have the expression for the flux at the 
electrode  
    (61)                                                 
 
With a decrease in a, the current density, 
-FJ(a), varies from Fc*D/a to 
Fc*(D/)1/2. The latter is entirely 
controlled by the delay time rather than 
the electrode radii. Therefore the current 
density is necessarily infinite even at 
edges of electrodes. However, the this 
expression can be used only for qualitative 
estimation because of the assumption of 
(D)1/2 < a. 
     The total current at the 
hemispherical (hms) electrode is 
expressed by 
 (62) 
 
The radius a in Eq. (62) corresponds to 
aSEM. In contrast, the current for  = 0 is 
given by 
         (63) 
 
The correspondence 
 
 
                              (64) 
indicates that the current is observed as if 
the radius were to decrease by (D)1/2. 
This variation is shown in Fig. 5 as a 
dashed curve for (D)1/2 = 0.5 m, which 
is equivalent to  = 0.12 ms. This value is 
similar to those in order obtained by a
time of flight of redox species from one 
electrode to the other
22)
. Equation (64) can 
reproduce the experimental variation. 
However, it is not accurate, because it 
does not only include dependence of  on 
the concentration
17,22)
 but also is based on 
the hemi-spherical electrode rather than a 
disk.  
The conditions under which the limiting 
currents were smaller than Saito's equation 
should be determined only by the term 
(D)1/2/a, rather than diffusion 
coefficients, concentrations, viscosity and 
dielectric constants of solvents, 
concentrations of supporting electrolytes, 
)π/(*/ 2 DaacDA 
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and temperature. Eq. (62) is not 
guaranteed at the radii close to 0.5 m 
because of the limitation, (D)1/2/a < 1. 
 
4. Conclusion 
 
     Observed values of diffusion- 
controlled steady-state currents at 
microdisk electrodes agree with Saito's 
equation when the radii are more than 5 
m. Those at radii less than 2 m are 
smaller than Saito's equation. The 
inequality of the equation is not caused by 
the heterogeneous current distribution, but 
may be commonly observed at any 
geometry of microelectrodes. A number of 
papers have reported radii evaluated from 
the Saito's equation. However, the 
reported radii should be underestimated. 
The underestimation is remarkable with a 
decrease in the radii. A possible process of 
the decrease in the current is memory 
diffusion, in which the delay is replaced 
by the displacement under the steady state. 
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